We present the results of asymptotic and numerical analysis of dissipative Kerr solitons in whispering gallery mode microresonators influenced by higher order dispersive terms leading to the appearance of a dispersive wave (Cherenkov radiation). Combining direct perturbation method with the method of moments we find expressions for the frequency, strength, spectral width of the dispersive wave and soliton velocity. Mutual influence of the soliton and dispersive wave was studied. The formation of the dispersive wave leads to a shift of the soliton spectrum maximum from the pump frequency (spectral recoil), while the soliton displaces the dispersive wave spectral peak from the zero dispersion point.
I. INTRODUCTION
The discovery of optical frequency combs in nonlinear whispering gallery mode (WGM) microresonators [1] suggests a possibility of the development of novel types of frequency comb sources with characteristics (especially, compactness and repetition rates) unachievable for the systems based on conventional mode-locked lasers [2] . This is of particular importance for various applications, such as precision frequency metrology [3] , highly multiplexed spectroscopy [4] , low-noise microwave generation [5] , terabit telecommunication [6] , laser ranging [7] and others [8] . By now such so-called Kerr frequency combs have been demonstrated in microresonators made of different materials, including silica [1] , fluoride crystals [9] [10] [11] , fused silica [3] , silicon nitride [12] , diamond [13] , aluminum nitride [14] , just to name a few.
It was revealed, that the generation of frequency combs in nonlinear microresonators results from the cascaded four-wave mixing processes [15, 16] . The line spacing of a microresonator-based frequency comb is determined by the microresonators free spectral range (FSR, the inverted round-trip time of light in the microresonator), which can range in GHz or THz domains. Nonlinear process of comb formation generally leads to the arbitrary phase relations between individual spectral lines, that is quite different from conventional laser-based frequency combs, and results in the emergence of significant phase noise of RF beatnote [17] . The generation of dissipative Kerr solitons (DKS) allows to solve this problem and opens a way to mode-locked coherent, broadband optical frequency combs with smooth spectral profile [18] . Such solitons have been already demonstrated experimentally in optical crystalline [18] and silica [19] WGM microresonators as well as in integrated microrings [20] .
It was shown that the combined material and geometrical group velocity dispersion (GVD) of microresonators has strong influence on the possibility of soliton generation and its properties [21, 22] . In particular it was * e-mail mg@rqc.ru predicted via numerical simulations [23] [24] [25] [26] [27] that the process of the dispersive wave formation (optical analog of Cherenkov radiation) caused by the higher order dispersion terms [28] may expand the comb generation bandwidth into the normal dispersion regime [20] . In [20] experimental generation of the soliton Kerr comb exploiting the dispersive wave and covering 2/3 of an octave was demonstrated for the first time in on-chip ring SiN microresonator.
The formation of the dispersive wave may be explained as follows: if a microresonator is pumped at a laser pump wavelength characterized by the anomalous mocroresonator GVD, temporal solitons can be generated. If the duration of the soliton is short enough so that its bandwidth extends to the normal dispersion regime, near the point where the GVD is close to zero, the wavelength matching becomes especially favorable for four-wave mixing processes producing sharp spectral peak, corresponding in time domain to oscillating soliton tails -dispersive waves [23] . Smooth and broadened dispersive wave spectral peak can also be observed for incoherent Kerr combs [29] .
An interplay between cascaded four-wave mixing processes and dispersive wave formation was analysed in [30] . Although phase-matching condition in four-wave mixing allows the generation of a dispersive wave, this will not guarantee the formation of mode-locked soliton combs. Therefore, in spite of practical interest and many attempts, mostly based on numerical simulations, the mutual influence of the soliton and dispersive wave, especially in the case of Kerr combs characterized by periodic boundary conditions, is not well understood.
Dynamics of such process in space-time representation can be described by the Lugiato-Lefever equation (LLE) [31] with higher order dispersion terms [27] . Soliton dynamics in presence of higher order dispersion [32, 33] have been also studied earlier with respect to supercontinuum generation [34, 35] and spectral broadening in optical fibers [36] . The presence of the third order perturbation leads to the approximate solution in a form of a soliton pulse with a radiation tail [25, 28] . The actual spectral position of the dispersive wave peak, corresponding to the characteristic frequency of the tails' oscillations was analyzed in [27] , and also considering Raman effect [37] . Previous analysis was limited, however, as only the position of the dispersive wave was investigated. Hereby we perform the complete asymptotic analysis of the system which determines the position, strength and spectral width of the dispersive wave as well as the spectral recoil produced by this wave.
The dynamics of the temporal dissipative cavity Kerr solitons in microresonators can be described using the damped driven nonlinear Schrödinger equation frequently referred as LLE with higher order dispersion terms [38, 39] . This equation is in fact an equation for the envelope of the optical field in a coordinate frame circulating in a microresonator with the pump field phase velocity:
(1) Here Ψ is the slowly varying waveform, κ is the energy damping coefficient. T = κt 2 denotes the normalized time, η is the coupling efficiency, f = 8ηgPin κ 2 ω0 is the dimensionless pump amplitude for the pump power P in with the nonlinear coupling coefficient g = is the normalized detuning from resonance.
k/2 , k > 2 may be found from polynomial approximation for the "cold" cavity nearly equidistant eigenfrequencies of a mode family of interest Without the right part equation (1) is integrable with a known sech -shaped soliton solution [40] . Though exact stationary solutions of equation (1) with just a driving term but without losses and higher-order terms are also known [41] , this gives little insight in understanding of mutual interaction of the soliton and dispersive wave without extended numerical simulations and asymptotic approximations.
II. METHOD OF MOMENTS
Bright dissipative solitons and corresponding coherent Kerr combs are possible only in far red detuned regime [18] (ζ 0 1). Taking this fact into account, we introduce a small parameter γ = 1 ζ0 and rewrite equation (1) as follows:
In this form equation (2) is very convenient for asymptotic analysis, though, as the important varying physical parameter detuning ζ 0 is now incorporated in the scaling of both temporal and spatial coordinates, it is not very appealing from the point of view of an experimentalist or for numerical simulations of the comb formation. That is why we are forced to jump several times in this paper between (2) and (1).
We use the method of moments to find the approximate soliton solutions of the LLE equation [42] . The first five moments of the equation (2) are the following:
The integration limits are set as infinite because the soliton duration is much shorter than the soliton roundtrip time. These moments determine the pulse energy E, the momentum K, the position X , the width W and the chirp C of a pulse. Taking time derivatives of the moments (3)- (7), and substituting time derivatives from ((2)), using some algebra, and assuming that ψ(±∞) = ψ 0 , ψ x (±∞) = 0, we get:
where
∂x p , (ψ) and (ψ) are real and imaginary part of ψ.
The evolution equations (8)- (12) may be used to find approximate solutions of the LLE (2) assuming a trial function (Ansatz) taken from known solutions of the unperturbed equation and augmented with additional parameters.
One can make several general conclusions based on equations (8)- (12) .
Taking into account that for small higher order dispersion values soliton solution has a practically symmetric bell-shaped profile sitting on an almost unmodulated pedestal, so that ψ is nearly an even function of x, one gets that [ψ, ψ * ], p ≥ 1 is an odd function of x and, consequently,
In this way, the even-order dispersion terms (δ 2p ) only affect the relation between the width and the amplitude of the soliton and the phase chirp. Odd-order dispersion terms (δ 2p−1 ) influence on the soliton dynamics (change of the soliton positioncenter of mass with time) and on the emergence of nonstationary solutions.
III. DISSIPATIVE SOLITON WITH THIRD ORDER DISPERSION PERTURBATION
Henceforth we consider only the first higher order term (third-order dispersion).
First, we study the equation without losses and pump (zero-th order γ):
We search for the first order perturbation over δ 3 as it was done in [28] :
where ν is an unknown parameter of soliton velocity which we would like to determine. This leads to an equation for f (x):
with the solution g = (14) is
We choose a trial solution taking into account (17) in the form proposed in [43] :
where ce iϕ0 = ψ 0 is the cw background, and S = ψ(x)e iχ is the soliton Ansatz, accounting for δ 3 . Here χ is an unknown phase of a soliton attractor which we need to find as well as a factor ν, defining the soliton velocity. We substitute the test solution (18) in the equations (8)- (10) and require conservation of energy E and momentum K for the combs' stability [25] and determine the center of mass position X . We are not using below the equations (11)- (12) characterizing soliton width and chirp. At the first glance the integrals in the momentum method when applied to solitons on background will diverge, however, this is not the case, because we choose the background ψ 0 to obey the equation (2) .
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In the above equations we select the terms which contain only cw component and equate them to zero:
This requirement allows avoiding divergence. The constant c and the phase ϕ 0 are determined by the solution of the algebraic equation obtained by substituting cw ψ 0 in (2):
By moving the complex exponent in (23) to the right and looking at imaginary parts we confirm that (22) 
From (19) we obtain:
then finally from (21):
The equation (25) provides the soliton phase in agreement with earlier analysis [44, 45] :
(27) The soliton phase is therefore determined by the pump detuning and power.
From the equations (26) in view of (27) and (20) we obtain:
In this way, the velocity of the center of mass of the soliton in current coordinates is equal to δ 3 . The soliton on background approximate solution in a more physical form of (1) is therefore:
In this way the third-order dispersion term leads to the soliton motion with the constant velocity dependent on the detuning and the third-order dispersion value:
Nonzero soliton velocity has an important consequence.
Since the "transverse" coordinate ϕ (or z in terms of Eq. (1)) is defined in coordinate system rotating with angular velocity D 1 (ϕ = φ − D 1 t, where φ is the regular polar angle inside the microresonator), the soliton velocity associated with the third order dispersion may be interpreted as the shift of the soliton repetition rate (in the absence of the third order dispersion, the soliton repetition rate is equal to D 1 /2π). Consequently, using Eq. (30) and taking normalization procedure into account one can get the expression for the soliton repetition rate shift:
6D2 . In this way the repetition rate may be tuned by laser detuning which may be used in practical application of soliton comb based microwave oscillators.
As one can see from Fig. (1) , the obtained approximate solution is in a good agreement with the numerical simulation results in a wide range of experimentally possible parameters. Note, that the obtained result may be further refined if higher order corrections (nonlinear terms of γ) are taken into account in evolution equations (19) , (20) , (21) .
To find an approximate perturbed soliton spectrum we expand the phase with tanh-term of (29) into a series over third-order dispersion term, leaving the first term in expansion and use Fourier transform:
Taking into account that z = ϕ 1 2d2 and
we get
ζ0 ) is unperturbed soliton solution spectrum. It is clear from the Eq. (33) that the third order dispersion leads to the shift of the soliton maximum to higher frequencies. Taking into account that
one may estimate the position of the maximum of soliton spectrum µ r (soliton recoil) as
The intensity of the spectral component at the point of the soliton maximum can be obtained from (33)
Therefore, the intensity of the soliton maximum does not depend on third order dispersion parameters in linear approximation.
The proposed method works well for large detuning enough (ζ 0 >> 1) and low cw background (f /ζ 0 << 1). However, the maximexistenceal detuning providing soliton existence is ζ 0max =
[43]. Therefore, if pump power decreases, the maximal detuning value also decreases. So, if the ratio of the soliton peak intensity to cw background intensity ( Third-order GVD leads to the emission of the resonant radiation by solitons that may be interpreted as the emergence of Cherenkov radiation [28] . In this part we analyze the parameters of the dispersive wave neglecting dispersive terms higher than the third order. To account for the difference of stationary soliton group velocity caused by the higher order dispersion terms we make the following change of variables in equation (13), taking into account (15) , (28) 
The initial stationary equation (1) in these variables takes the following form:
To search for the dispersive wave parameters we represent the dispersive wave as a harmonic solution with background [36, 46] :
In this way, the formation of the dispersive wave leads to a shift of the soliton spectrum maximum from the pump frequency (34) , as well as the soliton leads to the shift of the dispersive wave spectral position from the zero dispersion point (43) . This phenomenon can be interpreted as the emergence of the spectral recoil. Note, that in order to find the shifted position of the dispersive wave we took into account the soliton velocity appeared due to the third order dispersion found using the soliton momentum method.
We compared the results of numerical solution of (1) and theoretical predictions (42) , (43) and found that they are in good agreement (see Fig.(3) ). Note, that this ap- proximation for the dispersive wave recoil works well if the following condition is satisfied:
The imaginary part of (42) describes the width of the Lorentzian radiation peak:
The dispersive wave in a microresonator may behave quite differently from the case of a fiber if 2π × D3κ 3D 2 2 ∼ 1. In this case its tail may interfere constructively or destructively with its head and a standing sinusoidal pattern appears. This may lead to the new unexplored effects and instabilities produced by the interaction between the soliton and the dispersive wave. This type of instability is observed in numerical simulations and may limit the possibility of a coherent comb expansion into normal dispersion region using dispersive wave emission.
The intensity of the spectral component at the dispersive wave maximum µ d may be found based on the conservation of the spectral center of mass [43] :
Dividing this sum into two parts, we obtain
From the equation (47) in view of the Lorentz shape of the dispersive wave spectrum we obtain:
Using (48) and taking (33) into account, we derive an expression for the dispersive wave peak spectral intensity:
In this way, the intensity at the dispersive wave maximum depends on detuning and third order dispersion parameters. This fact may be used to control the magnitude of dispersive wave maximum.
V. CONCLUSION
We performed a complete closed form analytical asymptotic analysis of dissipative Kerr solitons in microresonators with third dispersion. Perturbed soliton parameters were determined using the method of moments. It has been demonstrated that the dispersive wave formation in the presence of a soliton contributes to expansion of the bandwidth of the generated comb to the normal dispersion frequency range. A method of soliton repetition rate tuning was proposed.
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